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Thermal processes can often be characterized by peak reaction temperatures,
pre-exponentials, and activation energies, as well as by other parameters. Values of
the exponential integral Ei(—x), or of a related integral I(x), where the numeric
argument x is a function of activation energy and temperature, are essential to the
analyses of many of these processes. It is shown that the use of only the first term
of the concomitant asymptotic series to approximate these integrals can result in
less reliability than the uncertainty in thermal reaction data. Hence, values of I(x)
which are accurate to 4 significant digits over the range of x from 15 to 50 are presented,

The exponential integral Fi(— x) is frequently encountered in chemical kinetics,
especially in cases involving the depletion of a species [1] due to a programmed
temperature increase. In addition to the analysis of thermal desorption [2] data,
which is of primary interest here, and where x is a function of the desorption
energy and the temperature, the exponential integral and a related integral I(x)
are useful in the correlation of thermogravimetric [3], thermoluminescence [4, 5]
and thermal oxidation [6] data with theoretical calculations. Values of Ei(—x)
and I(x) are tabulated elsewhere [7—11], but there is insufficient range and detail
in the argument x to permit analyses of thermal processes to be made to better
than 149 to 16 % accuracy for x from 15 to 50.

Thermogravimetric studies of gas—solid systems often result in measurements
of © as a function of temperature 7, where @, is the fraction of an adsorbed
state* remaining on the surface. It is advantageous to compare dO©/dT, which is
the slope of the experimental @, versus T curve, with the slopes calculated for
a wide range of desorption parameters. The desorption parameters which char-
acterize the process can then be chosen [2]. Some form of the Wigner — Polanyi
[13] equation is usually assumed for thermal desorption processes, viz.,

—de,/dt = v,0% exp (—E/RT), 1))

where ¢ is the time, o is the order of the desorption process, v, is the frequency

* @ should not be confused with ®, which refers to a monolayer of adsorbed gas. The
existence of several simultaneously adsorbed states on solid surfaces has been demonstrat-
ed [12].
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factor, and E is the activation energy for desorption. Substituting T = T, + ft,
where f8 is the heating rate, the temperature-equivalent form of Eq. (1) is

—dO/dT = v,0%Ip exp (~E/RT). )

Integrating for o = 1 and 2, Eq. (2) becomes

T
«=1 In@je,
= —E/RTYAT = KI(x),
x=2 1/, - 1/6, f exp (—E[RT)AT = K1) ®)
T,
where the simplifications K = v,E/BR and x = E/RT have been used, and where
I(x) is in the form suggested by Smith and Aranoff [7]:
Ux
I(x) = | e~*d(l/x). )
0
A single integration by parts shows that this integral is related to the exponential
integral.* Although Eq. (4) cannot be expressed in closed form, integration by
parts » times resulis in an asymptotic series and a remainder integral; the series
is then useful for approximating I(x):

I(x) = e *[x*[1 — 2!/x 4+ 3x> — 41/x> + ... + nl[xX"" 1]+

LoDy, (5)

l"”+2

—

Values of d®,/dT can then be calculated from Egs (2), (3), and (5), for a wide
range of desorption parameters E and v, for physically realizable desorptions as
determined by @, and compared with the experimental values of d@ /dT.

Comparisons of this kind for the silver-oxygen—carbon dioxide system [3]
required values of I(x) over a range of x from 15 to 50, in increments on x of 0.1.
Interpolation between the values of I(x) published for integral x resulted in as
much as 169 error. Attempts were made to calculate /(x) by a summation of
incremental areas, and by Hastings” approximation [14]. Neither of these tech-
niques were reliable for x greater than seven. Hence, an IBM Model 360 com-
puter was used to sum up to sixteen terms of the series in Eq. (5) for x = 10 to 50,
and the first through the sixteenth partial sums were printed.

Although asymptotic series are divergent, a limited number of terms of the
series can be used to calculate a value of I(x) to an accuracy which depends on x
and the number of terms chosen [15]. Maximum bounds on the error thus incurred
can be estimated by replacing " by e* in the remainder integral in Eq. (5).
The maximum error, i.e., the difference between I(x) and the sum of n terms of

the series, is then given by

* [(x) = e %/x + Ei(—x).
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nle™”*
€m = 7 - (6)

X
Differentiation of €, with respect to n for constant x, and the approximation
of the rcsulting summation by an integral (for large »n) yields the condition for
maximum accuracy:

n=x-—1 @)

Hence, fourteen terms must be taken to obtain maximum accuracy for x = 15,
whercas forty-nine terms are required at x = 50. Further analysis can be applied
to show that ten terms are sufficient to obtain four significant digit accuracy over
the range on x from 15 to 50. This is illustrated by Table 1; the divergent character
of the series canr also te seen from the 100 term column.

In Table 2, the results of summing ten terms of the series are given for x from
15 to 50 in increments of 0.1. It can be seen from Table 1 that the common use

Table 1

The maximum error €, incurred by taking the indicated number of terms for specified
valuzs of x. Ep indicates multiplication by 10~7

[ 1 term 10 terms
x| 1(x) I(x) ! €m
10 { 0.4540E 6 0.4540E 8 0.3822E6 0.0016 E 6
15 | O0.1306E8 0.1306 E 8 0.1207E 8 0.0009 E 10
20 | 0.5153E 11 0.5153E 11 0.4702 E 11 0.0004 E 13
30 { 0.1040 E 15 J 0.1040E 15 0.9766 E 16 0.0192E 21
40 | 02655E20 | 0.2655E 20 0.2532 E 20 0.0037 E 26
50 07715E25 1 0.7715E 25 | 0.7424 E 25 0.0143 E 32
~—71/* - 16 terms 100 terms
:;ﬁfﬁ I(x) €m { I(x) €m
10 [ 0.3771 E 6 i 0.0095 E 6 { unknown 4,23 x 1052
15 0.1207E8 | 00005E10 |  unknown 3.33x 1032
20 | 04703E11 ) 0.0003 E 14 ' unknown 7.55% 1017
30 f 0.9766ET6 | 00ISIEZ | unknown 5.64x 1075
40 ‘ 0.2532 E 20 ' 0.0519 E 30 unknown | 6.18 10—22
50 ) 0.7424 E 25 l} 0.0528 E 38 unknown 4.55% 10~
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of only the first term in the series can result in 8% error, and a comparison
between any quantity in Table 2 and the number obtained by linear interpolation
between the two corresponding values of I(x) for integral x shows that a 14 %
to 169% difference results from such interpolation. Since thermal desorption
data are often reliable to 5% or better, the information in Table 2 is essential
to any comparison of experimental data with the Wigner—Polanyi equation.

£
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REsUME — On peut souvent caractériser les processus thermiques par la température des
pics réactionnels, les facteurs pré-exponentiels, les énergies d’activation et autres parameétres.
La valeur de I’intégrale exponentielle Fi(— x), ou d’une intégrale qui s’y rattache I(x), ou x
est une fonction de I'énmergie d’activation et de la température, est essentielle pour I’étude
d’un grand nombre de ces processus. On montre que I'emploi du premier terme seulement
de la série asymptotique convergente comme premiére approximation de ces intégrales peut
conduire 4 un manque d’exactitude supérieur a celui provenant des données thermiques.
On présente ainsi des valeurs de I(x) avec 4 chiffres significatifs dans le domaine de x allant
de 15 a 50.
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ZUSAMMENFASSUNG — Thermische Vorginge konnen oft durch Spitzenreaktionstemperatu-
ren, priexponentiellen Faktoren, Aktivierungsenergien oder andere Parameter gekennzeich-
net werden. Werte des exponentiellen Integrals Ei(—x) oder eines entsprechenden Integrals
1(x), wobei x die Funktion von Aktivierungsenergic und Temperatur ist, sind wichtig zur
Analyse vieler dieser Prozesse. Es wurde gezeigt, dafl die Benutzung nur des ersten Gliedes
der sich ndhernden asymptotischen Serie zur Approximation dieser Integrale in geringerer
VerldBlichkeit resultiert als die Unsicherheit der thermischen Daten. Werte von I(x), die
genau auf 4 signifikante Zahlenwerte iiber den Wert von x von 15 bis 50 zutrafen, wurden
vorgelegt.

PestomMe — TepMHUYECKHE TipOIECChl YacTO XapaKTEePU3YIOT 3KCTPEMANIBHOW TeMIepaTypoin
peaknmy, IPEAIKCIIOHEHITAATIBHBIM MHBOXHWTCIEM, 3HEPIUel aKTHBAlMd W JIPYTUMH [apaMeT-
paMu. BeawynHa 3KCIOHEHUMANILHOTO mHTerpana Ei(—x), wim oTHecewHoro muterpana I(x),
rae nEdpoBoe 3Ha4YeHWe X sBIseTCA (YHKIMEH 3HEPTHH AKTHBAIMH U TEMIEPATYDbI, BAXKHO
A7 aganu3a MHOTOYMCIICHHBIX IPOIECCOB CXOOHOro Tuma. B cratee mamel BedwuMHLI I(x)
C TOYHOCTBEIO A0 4-TO 3HAaKA BBINIe o0mactw x oT 15 mo 50.
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